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Abstract
We prove a theorem of Hinich type on existence of a model structure on a
category related by an adjunction to the category of differential graded modules
over a graded commutative ring.
1. Introduction
Hinich proved in [Hin97] a theorem on existence of a model structure on a category related
by an adjunction to the category of complexes. In this article we give a detailed proof
of a theorem of similar kind. The two theorems differ at least in two points. First,
Hinich works with dg-modules over a (commutative) ring, and we consider differential
graded modules over a graded commutative ring k. Second, in the proof Hinich introduces
certain morphisms which he calls elementary trivial cofibrations and shows that any trivial
cofibration is a retract of countable composition of elementary ones. We show that a trivial
cofibration is a retract of an elementary trivial cofibration in our sense.
We apply our theorem to proving that categories of bi- or poly-modules over non-
symmetric operads have a model structure [Lyu11, Lyu12]. For modules over operads a
model structure was constructed by Harper [Har10, Theorem 1.7]. Since Hinich’s article
[Hin97] a plenty of results appeared in which given a (monoidal) model category one pro-
duces a model structure on another category related to the first category by an adjunction
[BM03, Section 2.5], on category of monoids [SS00, Theorem 3.1] or on the category of
operads [Spi01, Remark 2], [Mur11, Theorem 1.1]. Clearly, in this approach one must
have a model category to begin with. The category of differential (unbounded) graded
k
0-modules has a projective model structure for a commutative ring k0 [CH02]. The same
result for graded commutative ring k has to be deduced from the case of commutative ring
k
0 along the lines of [BM03]. After that one has to prove that dg -k-mod is a monoidal
model category, which requires detailed information on cofibrations. Such information
is provided e.g. by the proof of Hinich type theorem: any cofibration is a retract of a
countable composition of elementary cofibrations (of a concrete form). Thus, a technical
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work does not seem to be avoidable in any approach. One more reason to follow the
Hinich’s approach is pedagogical: it can be explained to students in detail as well as in
examples.
1.1. Notations and conventions. In this article ‘graded’ means Z-graded. Let k be
a graded commutative ring (equipped with zero differential). By gr “ grk “ gr -k-mod
we denote the closed category of Z-graded k-modules with k-linear homomorphisms of
degree 0. Thus an object of gr is X “ pXmqmPZ. Symmetry in the monoidal category of
graded k-modules is chosen as cpxb yq “ p´1qmly b x for x P Xm, y P Y l.
The abelian category dg “ dg -k-mod is the closed category of differential Z-graded
k-modules with chain k-linear homomorphisms. Monomorphisms and epimorphisms of
dg are componentwise injections and surjections. A quasi-isomorphism M Ñ N P dg
is a chain k-linear homomorphism inducing an isomorphism in homology. For a P Z the
shift functor is defined by ras : dg Ñ dg, M ÞÑ Mras, Mrasz “ Mz`a. The shift functor
extends componentwise to dgS for any set S.
Denote by σa : M Ñ Mras the “identity map” of degree deg σa “ ´a. Write elements
of Mras as mσa. When f : V Ñ X is a homogeneous map of certain degree, the map
f ras : V ras Ñ Xras is defined as f ras “ p´1qfaσ´afσa. In particular, the differential
d : M Ñ M of degree 1 in a dg-module M induces the differential dras “ p´1qaσ´adσa :
Mras Ñ Mras in Mras. The degree 0 isomorphisms σ´a ¨ pσa b 1q : pV b W qras Ñ
pV rasq bW , pvbwqσa ÞÑ p´1qwavσabw, and σ´a ¨ p1b σaq : pV bW qras Ñ V b pW rasq,
pv b wqσa ÞÑ v b wσa, are graded natural. This means that for arbitrary homogeneous
maps f : V Ñ X , g : W Ñ Y the following squares commute:
pV rasq bW Ð
σ´a¨pσab1q
„
pV bW qras
σ´a¨p1bσaq
„
Ñ V b pW rasq
pXrasq b Y
pfrasqbg
Ó
Ð
σ´a¨pσab1q
„
pX b Y qras
pfbgqras
Ó
σ´a¨p1bσaq
„
Ñ X b pY rasq
fbpgrasq
Ó
Actually, the second isomorphism is “more natural” than the first one, not only because
it does not have a sign, but also because it suits better the right operator system of
notations, accepted in this paper. In the following we always identify pV bW qras with
V b pW rasq via σ´a ¨ p1b σaq.
Assume that α : M Ñ N P dg. Denote by Coneα “ pMr1s ‘ N, dConeq P Obdg the
graded k-module with the differential
dCone “
ˆ
dM r1s σ
´1α
0 dN
˙
“
ˆ
´σ´1dMσ σ
´1α
0 dN
˙
.
The following result generalizes a theorem of Hinich [Hin97, Section 2.2].
1.2 Theorem. Suppose that S is a set, a category C is complete and cocomplete and
F : dgS ⇄ C : U is an adjunction. Assume that U preserves filtering colimits. For
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any x P S consider the object Kx of dg
S, Kxpxq “ Conepidkq, Kxpyq “ 0 for y ‰ x.
Assume that the chain map Upin2q : UA Ñ UpF pKxrpsq \ Aq is a quasi-isomorphism for
all objects A of C and all x P S, p P Z. Equip C with the classes of weak equivalences
(resp. fibrations) consisting of morphisms f of C such that Uf is a quasi-isomorphism
(resp. an epimorphism). Then the category C is a model category.
2. Proof of existence of model structure
This section is devoted to proof of Theorem 1.2, whose hypotheses we now assume. The
proof follows that of Hinich’s theorem [Hin97, Section 2.2] ideologically but not in details.
Constructions used in the proof describe cofibrations and trivial cofibrations in C.
Denote the functor U also by ´#, UX “ X# for X P ObC or X P MorC. Let
ε : FUA Ñ A be the adjunction counit and let η : M Ñ UFM be the adjunction unit.
The adjunction bijection is given by mutually inverse maps
pl : FM Ñ Aq Ñ lt “
`
M
η
ÝÑ pFMq#
l#
ÝÑ A#
˘
,
tx “
`
FM
Fx
ÝÑ F pA#q
ε
ÝÑ A
˘
Ð px : M Ñ A#q.
Define three classes of morphisms in C:
W “ tf P MorC | @ x P S f#pxq is a quasi-isomorphismu,
Rf “ tf P MorC | @ x P S @ z P Z f
#pxqz is surjectiveu,
Lc “
K
Rtf consists of maps f P MorC with the left lifting property
with respect to all morphisms from Rtf “WX Rf .
We are going to prove that they are weak equivalences, fibrations and cofibrations of a
certain model structure on C.
Let M P ObdgS, A P ObC, α : M Ñ A# P dgS. Denote by C “ Coneα “ pMr1s ‘
UA, dConeq P Obdg
S the cone taken pointwise, that is, for any x P S the complex Cpxq “
Cone
`
αpxq : Mpxq Ñ pUAqpxq
˘
is the usual cone. Denote by ı¯ “ in2 : UA Ñ C the
obvious embedding. Following Hinich [Hin97, Section 2.2.2] define an object AxM,αy P
ObC as the pushout
FUpAq
ε
Ñ A
FC
F ı¯
Ó
g
Ñ AxM,αy
¯
Ó
Introduce a functor hA,α : CÑ Set:
hA,αpBq “
 
pf, tq P CpA,BqˆdgSpM,B#q´1 | ptqd ” tdB#`dM t “
`
M
α
ÝÑ A#
f#
ÝÝÑ B#
˘(
.
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2.1 Lemma. The object D “ AxM,αy and the element p¯, θq P hA,αpDq represent the
functor hA,α, where
θ “
`
M
σ
ÝÑMr1s
in1
Ñ C
η
ÝÑ UFC
Ug
ÝÑ UD
˘
.
That is, the natural inB transformation ψB : CpD,Bq Ñ hA,αpBq, 1D ÞÑ p¯, θq, is bijective.
Proof. The boundary of degree ´1 map h “
`
M
σ
ÝÑ Mr1s
in1
Ñ C
˘
is phqd “ hdC`dMh “
α ¨ ı¯. Therefore, pθqd is the composition along the bottom path in the diagram
M
α
Ñ UA
η
Ñ UFUA
Uε
Ñ UA
“ “
C
ı¯
Ó
η
Ñ UFC
UF ı¯
Ó
Ug
Ñ UD
U¯
Ó
which equals to the top path, that is, to α ¨U¯. Therefore, p¯, θq P hA,αpDq. By the Yoneda
lemma the natural transformation ψB takes a morphism k : D Ñ B of C to
hA,αpkqp¯, θq “
`
A
¯
ÝÑ D
k
ÝÑ B,M
h
ÝÑ C
η
ÝÑ pFCq#
g#
ÝÑ D#
k#
ÝÑ B#
˘
. (2.1)
Let us prove injectivity of ψB. Let k1, k2 : D Ñ B satisfy
pf1, t1q ” hA,αpk1qp¯, θq “ hA,αpk2qp¯, θq ” pf2, t2q.
Then `
Mr1s
in1
Ñ C
η
ÝÑ pFCq#
g#
ÝÑ D#
k
#
p
ÝÑ B#
˘
“ σ´1tp
does not depend on p “ 1, 2. On the other summand of C we also have that
`
A#
ı¯
ÝÑ C
η
ÝÑ pFCq#
g#
ÝÑ D#
k
#
p
ÝÑ B#
˘
“
`
A#
¯#
ÝÑ D#
k
#
p
ÝÑ B#
˘
“ f#p
does not depend on p “ 1, 2. Therefore,
ltp “
`
C
η
ÝÑ pFCq#
g#
ÝÑ D#
k
#
p
ÝÑ B#
˘
also does not depend on p “ 1, 2. Their adjuncts lp “
`
FC
g
ÝÑ D
kp
ÝÑ B
˘
must not depend
on p either. By assumption
`
A
¯
ÝÑ D
k1ÝÑ B
˘
“ f1 “ f2 “
`
A
¯
ÝÑ D
k2ÝÑ B
˘
.
The pushout property ofD allows only one morphism D Ñ B with such properties, hence,
k1 “ k2.
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Let us prove surjectivity of ψB . Given an element pf : AÑ B, t : M Ñ B
#q P hA,αpBq
we construct a degree 0 map x : C Ñ B#
x “
ˆ
Mr1s
σ´1
ÝÝÑM
t
ÝÑ B#
A#
f#
ÝÝÑ B#
˙
.
One easily checks that x is a chain map, x P dgS. Its adjunct is denoted
l “ tx “
`
FC
Fx
ÝÑ F pB#q
ε
ÝÑ B
˘
.
Since ı¯ ¨ x “ f# : A# Ñ B#, we have
F ı¯ ¨ l “
`
F pA#q
F pf#q
Ñ F pB#q
ε
ÝÑ B
˘
“ ε ¨ f.
By definition of pushout D there exists a unique morphism k : D Ñ B P C such that
f “ ¯ ¨ k, l “ g ¨ k. Hence,
x “ lt “
`
C
η
ÝÑ pFCq#
l#
ÝÑ B#
˘
,
t “
`
M
σ
ÝÑMr1s
in1
Ñ C
x
ÝÑ B#
˘
“
`
M
σ
ÝÑ Mr1s
in1
Ñ C
η
ÝÑ pFCq#
g#
ÝÑ D#
k#
ÝÑ B#
˘
.
Therefore, ψBpkq “ pf, tq and ψB is bijective.
2.2 Corollary. The map
`
M
α
ÝÑ A#
¯#
ÝÑ AxM,αy#
˘
“ pθqd is null-homotopic. If dM “ 0,
then for any cycle m P ZM the cycle mα P ZA# is taken by ¯# to the boundary of the
element mθ P AxM,αy#.
Thus, when F : dgS Ñ C is the functor of constructing a free dg-algebra of some
kind, the maps ¯ are interpreted as “adding variables to kill cycles”.
The following statement is well-known.
2.3 Lemma. Assume that g : U Ñ V P Ck is a surjective quasi-isomorphism. Then for
any pair pu, vq, u P Un`1, v P V n, such that ud “ 0, ug “ vd there is an element w P Un
such that wd “ u, wg “ v.
Proof. Vanishing of Hn`1pgqrus “ rgus “ 0 implies vanishing of the cohomology class
rus “ 0. There is y P Un such that yd “ u. Denote c “ yg P V n, then
cd “ ygd “ ydg “ ug “ vd.
Hence, c ´ v is a cycle, and there is a cycle z P ZnU such that rzgs “ rc ´ vs. There is
e P V n´1 such that zg “ c ´ v ` ed. The element e lifts to x P Un´1 such that xg “ e.
Thus,
yg “ c “ zg ´ xgd` v “ pz ´ xdqg ` v.
Therefore, w “ y ´ z ` xd satisfies wg “ v and wd “ u.
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We say that M consists of free k-modules if for any x P S the graded k-module Mpxq
is free – isomorphic to ‘aPZP
a
kras for some graded set P and dM “ 0.
2.4 Proposition. Let M consist of free k-modules, dM “ 0, A P ObC and α : M Ñ
A# P dgS. Then ¯ : AÑ AxM,αy P Lc.
Proof. Let the image y# of a morphism y : U Ñ V P C be an epimorphism and a quasi-
isomorphism. Let u : A Ñ U P C. Morphisms v : AxM,αy Ñ V , which make the square
A
u
Ñ U
AxM,αy
¯
Ó
v
Ñ
w
Ñ
V
≀ y
ÓÓ
(2.2)
commutative, are in bijection with elements pA
u
ÝÑ U
y
ÝÑ V,M
t
ÝÑ V #q P hA,αpV q. Thus,
ptqd “ dMt ` tdV # “
`
M
α
ÝÑ A#
u#
ÝÝÑ U#
y#
ÝÑ V #
˘
.
For some graded set P “ pP apsq | a P Z, s P Sq, P apsq P Set, we have M “ Pk “`
‘aPZP
apsqkras
˘
sPS
. Let us denote the chosen basis of M by pepqpPP ‚p‚q, deg ep “ deg p.
For an arbitrary p P P apsq denote n “ a´ 1. We have a cycle epαu
# P Zn`1pU#q and an
element ept P pV
#qn such that pepαu
#qy# “ peptqdV # . By Lemma 2.3 there is an element
denoted peprq P pU
#qn such that epαu
# “ peprqdU# and ept “ peprqy
#. Choosing such
epr for all p P P
‚p‚q we get a map r P dgSpM,U#q´1 such that the triangles commute
A#
u#
Ñ U#
M
α
Ò
prqd
Ñ
,
U#
M
t
Ñ
r
Ñ
V #
y#
Ó
.
Thus a pair pu : A Ñ U, r : M Ñ U#q P hA,αpUq determines a morphism w : AxM,αy Ñ
U P C by Lemma 2.1. Due to (2.1) the equation
u “
`
A
¯
ÝÑ AxM,αy
w
ÝÑ U
˘
holds. Naturality of bijection ψ,
hA,αpUq
ψU
„
Ñ CpAxM,αy, Uq
“
hA,αpV q
hA,αpUq
Ó
ψV
„
Ñ CpAxM,αy, V q
Cp1,yq
Ó
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applied to the pair pu, rq gives
pu : AÑ U, r : M Ñ U#q Ñ w
“
puy : AÑ V, ry# : M Ñ V #q “ p¯v, tq
p´¨y,´¨y#q
Ó
Ñ v “ wy.
´¨y
Ó
This gives another equation
v “
`
AxM,αy
w
ÝÑ U
y
ÝÑ V
˘
and w is the sought diagonal filler for (2.2).
If M consists of free k-modules (and dM “ 0), then ¯ : AÑ AxM,αy is a cofibration.
It might be called an elementary standard cofibration. If
AÑ A1 Ñ A2 Ñ ¨ ¨ ¨
is a sequence of elementary standard cofibrations, B is a colimit of this diagram, then the
“infinite composition” map A Ñ B is a cofibration called a standard cofibration [Hin97,
Section 2.2.3].
2.5 Lemma. Let α „ α1 : M Ñ A#. Then there is a natural in B bijection hA,αpBq »
hA,α1pBq. Hence, there is an isomorphism k of representing objects, which is the last arrow
in the equation which holds in C:
¯1 “
`
A
¯
ÝÑ AxM,αy
k
ÝÑ
„
AxM,α1y
˘
.
Proof. Let h P dgSpM,A#q´1 be a homotopy, α ´ α1 “ hd ` dh : M Ñ A#. Then we
have well defined maps
hA,αpBq “
 
pf : AÑ B, t : M Ñ B#q | ptqd “ αf#
(
pf, tq pf, q ` hf#q
pf, t´ hf#q
Ó
pf, qq
Ò
hA,α1pBq “
 
pf : AÑ B, q : M Ñ B#q | pqqd “ α1f#
(
since
pt´ hf#qd “ αf# ´ pα ´ α1qf# “ α1f#,
pq ` hf#qd “ α1f# ` pα´ α1qf# “ αf#.
These maps are mutually inverse and natural in B.
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Take B “ AxM,α1y. There is a commutative square of bijections
CpAxM,α1y, AxM,α1yq
Cpk,1q
„
Ñ CpAxM,αy, AxM,α1yq
hA,α1pAxM,α
1yq
ψ ≀
Ó
„
Ñ hA,αpAxM,α
1yq
≀ ψ
Ó
which gives the equation
1B Ñ k
p¯1, t1q
Ó
Ñ p¯1, t1 ` h¯1#q ““ p¯k, tk#q.
Ó
In particular, ¯1 “ ¯k.
2.6 Remark. Consider a diagram α1 “
`
M 1
β
ÝÑ M2
α2
ÝÑ A#
˘
in dgS. These mor-
phisms lead to natural transformation hA,α2pBq Ñ hA,α1pBq, pf, tq ÞÑ pf, β ¨ tq, or equiva-
lently CpAxM2, α2y, Bq Ñ CpAxM 1, α1y, Bq, which comes from a unique morphism Axβy :
AxM 1, β ¨ α2y Ñ AxM2, α2y P C. It can be found from the diagram
F pA#q
ε
Ñ A
F pC 1q
F ı¯1
Ó
g1
Ñ AxM 1, α1y
¯1
Ó
F pC2q
g2
Ñ
F ı¯2
Ð FγÐ
AxM2, α2y
¯2
Ñ
Axβy Ñ
(2.3)
where γ “ Conepβ, 1q : C 1 Ñ C2 is the morphism of cones, induced by β.
In fact, put B “ AxM2, α2y. The unit morphism 1B corresponds to p¯
2, θ2q P hA,α2pBq
which is taken to p¯2, β ¨ θ2q P hA,α1pBq. The latter element has to coincide with p¯
1 ¨
Axβy, θ1 ¨Axβy#q. The equation ¯2 “ ¯1 ¨Axβy is the right triangle of (2.3). The equation
β ¨ θ2 “ θ1 ¨Axβy# can be written as the exterior of
M 1
σ
ÑM 1r1s
in1
Ñ C 1
g1t
Ñ D1#
M2
β
Ó
σ
ÑM2r1s
in1
Ñ C2
γ
Ó
g2t
Ñ D2#
Axβy#
Ó
The mentioned right triangle implies commutativity of the exterior of
A#
ı¯1
Ñ C 1
g1t
Ñ D1#
A#
w
w
w
w
w
ı¯2
Ñ C2
γ
Ó
g2t
ÑD2#
Axβy#
Ó
8
This fact jointly with the previous implies commutativity of the right square, which is
equivalent to lower trapezia in (2.3).
In particular, for 0 “
`
0
0
ÝÑ M
α
ÝÑ A#
˘
we have ı¯1 “ id : A# Ñ C 1, ¯1 “ id : A Ñ
Ax0, 0y, ¯2 “ ¯ “ Ax0y : A “ Ax0, 0y Ñ AxM,αy.
2.7 Remark. For 0 : M Ñ A# we have that AxM, 0y » F pMr1sq \ A and ¯ “ in2 is
the canonical embedding. In fact, C “ Mr1s ‘ A# is the direct sum of complexes and
AxM, 0y is found from the following diagram
F pA#q
ε
Ñ A
F pMr1s \ A#q
F pin2qÓ
„
Ñ F pMr1sq \ F pA#q
1\ε
Ñ
in2
Ñ
F pMr1sq \ A “ AxM, 0y
in2
Ó
2.8 Example. Let N P ObdgS. Take FN for A and η : N Ñ pFNq# for α. We claim
that we can take F pCone 1Nq for pFNqxN, ηy. In fact,
hFN,ηpBq “
 
pf : FN Ñ B, t : N Ñ B#q | ptqd “ η ¨ f#
(
“
 
pf, tq | ptqd “ f t
(
“
 
pf, tq | f “ tpptqdq
(
“
 
t P dgSpN,B#q´1
(
» dgSpNr1s, B#q0
p!q
» dgS
`
pNr1s ‘N, dCone 1N q, B
#
˘
“ dgSpCone 1N , B
#q » CpF pCone 1Nq, Bq.
Bijection (!) is left to the reader as an exercise.
2.9 Proposition. Let N “ Pk P dgS consist of free k-modules, dN “ 0, and M “
Cone 1Nr´1s “ pN ‘ Nr´1s, dConeq. Then for any morphism α : M Ñ UA P dg
S the
morphism ¯ : A Ñ AxM,αy is a standard cofibration, composition of two elementary
standard cofibrations.
Proof. The complex M is contractible, hence, α „ 0 “ α1 : M Ñ A#. Applying
Lemma 2.5 we find that ¯ “
`
A
Ax0y
Ñ AxM, 0y
„
ÝÑ AxM,αy
˘
, thus it suffices to prove
the claim for α “ 0.
The embedding in2 : Nr´1s ÑM induces a diagram
A
¯1
Ñ AxNr´1s, 0y “““AxNr´1s, 0yx0, 0y
AxM, 0y
Axin2y
Ó
„
Ñ
¯2 Ñ
AxNr´1s, 0yxN, ηy
AxNr´1s,0yx0y
Ó
Commutativity of the triangle is contained in diagram (2.3). Commutativity of the square
is implied by Remark 2.7, which gives AxNr´1s, 0y “ FN \ A, and by the equation
FN “““““““ pFNqx0, 0y
“
F pCone 1Nq
F pin2q
Ó
““ pFNqxN, ηy.
pFNqx0y
Ó
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The latter equation follows from Example 2.8. Let us take B “ F pCone 1Nq in it and find
the element of hFN,ηpF pCone 1Nqq, which goes into 1B under the sequence of bijections
considered in the example. Moving backwards we find elements
1B ÞÑ xη : Cone 1N Ñ pF Cone 1Nq
#y ÞÑ
@
Nr1s
in1
Ñ Cone 1N
η
ÝÑ pF Cone 1Nq
#
D
ÞÑ t “
@
N
σ
ÝÑ Nr1s
in1
Ñ Cone 1N
η
ÝÑ pF Cone 1Nq
#
D
P dgSpN,B#q´1.
Computation in the proof of Lemma 2.1 give
ptq.d “
@
N
in2
Ñ Cone 1N
η
ÝÑ pF Cone 1Nq
#
D
“
@
N
η
ÝÑ pFNq#
pF in2q#
Ñ pF Cone 1Nq
#
D
,
hence t comes from the pair pF pin2q, tq P hFN,ηpF pCone 1Nqq. Thus, ¯
2 : AÑ AxM, 0y is a
composition of two elementary standard cofibrations and a standard cofibration itself.
2.10 Proposition. Let r : AÑ Y P C. Denote by
N “ Z Conepr#r´1s : A#r´1s Ñ Y #r´1sq
“
 
pu, yσ´1q P A# ˆ Y #r´1s | ud “ 0, ur# ´ ydY# “ 0
(
the differential graded k-submodule of cycles of Conepr#r´1sq, dN “ 0. Denote by pr1 :
N Ñ A# P dgS (resp. pr2 : N Ñ Y
#r´1s P grS) the map pu, yσ´1q ÞÑ u (resp.
pu, yσ´1q ÞÑ yσ´1). Define D “ AxN, pr1y. Then`
r : AÑ Y, t “ pN
pr2Ñ Y #r´1s
σ
ÝÑ Y #q
˘
is an element of hA,pr1pY q. The corresponding morphism q : D Ñ Y satisfies r “
`
A
¯
ÝÑ
AxN, pr1y
q
ÝÑ Y
˘
. The composition
β “
@
N Ñ֒ Conepr#r´1sq
Conep¯#r´1s,1q
Ñ Conepq#r´1sq
D
, Conep¯#r´1s, 1q “
´
¯# 0
0 1
¯
,
is null-homotopic, β “ pθ, 0q.d “ pθ, 0q ¨ dConepq#r´1sq, thus, all cycles of Conepr
#r´1sq are
taken by Conep¯#r´1s, 1Y#r´1sq to boundaries in Conepq
#r´1sq.
Proof. Let us show that pr, tq P hA,pr1pY q. In fact, the diagram
N
pr2Ñ Y #r´1s
σ
Ñ Y #
A#
pr1Ó
r#
Ñ Y #
d
Y#Ó
commutes as the computation shows
pu, yσ´1q Ñ yσ´1 Ñ y
u
Ó
Ñ ur# “ ydY#
Ó
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The corresponding morphism q : D Ñ Y satisfies pr, tq “
`
¯ ¨ q, N
θ
ÝÑ D#
q#
ÝÑ Y #
˘
by
(2.1).
One can easily check that cones are related by the chain map
Conep¯#r´1s, 1Y#r´1sq “
´
¯# 0
0 1Y #r´1s
¯
: Conepp¯#q#qr´1sq Ñ Conepq#r´1sq.
The composition β takes pu, yσ´1q P N to pu¯#, yσ´1q P Conepq#r´1sq. Since dN “ 0 the
map
pθ, 0q.d “ pθ, 0q
´
dD# q
#σ´1
0 dY #r´1s
¯
“ ppr1 ¨¯
#, θq#σ´1q “ ppr1 ¨¯
#, tσ´1q “ ppr1 ¨¯
#, pr2q
takes pu, yσ´1q to the same pu¯#, yσ´1q as β.
Assume hypotheses of Theorem 1.2 hold.
2.11 Proposition. Let N “ Pk P dgS consist of free k-modules, dN “ 0, and M “
Cone 1Nr´1s. Then for all α : M Ñ A
# P dgS the morphism ¯ : AÑ AxM,αy is in W.
Proof. The complex M is contractible, hence, it suffices to consider α “ 0. Consider the
directed set of finite graded subsets Q Ă P (that is, the set
ŮxPS
cPZ Q
cpxq is finite). We have
Mr1s “ PKr1s “
xPSà
cPZ
P cpxqKxrc` 1s “ colim
QĂP
qPQcpxqž
xPS, cPZ
Kxrc` 1s,
¯# “ in#2 “
@
A# Ñ pF pMr1sq
š
Aq#
D
“
A
A# Ñ
´
colim
QĂP
`qPQcpxqž
xPS, cPZ
F pKxrc` 1sq
˘ž
A
¯#E
“
A
A# Ñ colim
QĂP
´`qPQcpxqž
xPS, cPZ
F pKxrc` 1sq
˘ž
A
¯#E
.
For any finite Q the map in#2 : A
# Ñ
``šqPQcpxq
xPS, cPZ F pKxrc` 1sq
˘š
A
˘#
is a quasi-isomor-
phism as a finite composition of quasi-isomorphisms. Thus its cone is acyclic. Therefore,
the cone
Cone
A
¯# : A# Ñ colim
QĂP
´`qPQcpxqž
xPS, cPZ
F pKxrc` 1sq
˘ž
A
¯#E
» colim
QĂP
Cone
A
A# Ñ
´`qPQcpxqž
xPS, cPZ
F pKxrc` 1sq
˘ž
A
¯#E
is acyclic and ¯# is a quasi-isomorphism.
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To sum up Propositions 2.9 and 2.11 assume that N P ObdgS consists of free k-mod-
ules, dN “ 0, and M “ Cone 1Nr´1s “ pN ‘ Nr´1s, dConeq. Then for any morphism
α : M Ñ UA P dgS the morphism ¯ : A Ñ AxM,αy is a trivial cofibration in C and a
standard cofibration, composition of two elementary standard cofibrations. It is called a
standard trivial cofibration.
Proof of Theorem 1.2. (MC1) (Co)completeness of C is assumed. Axioms (MC2) (three-
for-two for W) and (MC3) (closedness of Lc, W, Rf with respect to retracts) are obvious.
The class Lc is
KpWX Rf q by definition.
(MC5)(ii) Functorial factorization into a trivial cofibration and a fibration. Let f : X Ñ
Y P C. Denote N “ Y #k, Mr1s “ Cone 1Nr´1s “ pN ‘ Nr´1s, dConeq » Y
#
Kr´1s.
The k-linear degree 0 map N Ñ Y #, ey ÞÑ y, extends in a unique way to a degreewise
surjection πtY : Mr1s Ñ Y
# P dgS, which determines a morphism πY : F pMr1sq Ñ
Y P C. Combining it with the previous we get a morphism πY Y f : F pMr1sq
š
X Ñ
Y P C. Since πtY “
@
Mr1s
η
ÝÑ pF pMr1sqq#
π
#
YÝÝÑ Y #
D
is a surjection, the map π#Y “@
pF pMr1sqq#
in
#
1Ñ pF pMr1sq
š
Xq#
pπY Yfq
#
Ñ Y #
D
is a surjection as well. Therefore,
pπY Y fq
# is a surjection and πY Y f P Rf . The decomposition
f “
`
X
¯
ÝÑ XxM, 0y “ F pMr1sq
š
X
pπY Yfq
#
Ñ Y
˘
into a trivial cofibration and a fibration is functorial in f .
(MC5)(i) Functorial factorization into a cofibration and a trivial fibration. Let us con-
struct inductively the following diagram in C
X ““““ D0
h0
Ñ D1
h1
Ñ D2
h2
Ñ . . .
. . .
Y
q2
Ó
q1
Ñf“q0 Ñ
(2.4)
so that all hi were cofibrations. Given qn for n ě 0 denote
Nn “ Z Conepq
#
n r´1s : D
#
n r´1s Ñ Y
#r´1sq
“
 
pu, yσ´1q P D#n ˆ Y
#r´1s | ud “ 0, uq#n ´ ydY # “ 0
(
as in Proposition 2.10. Being a subset of cycles Nn is a graded k-submodule with dNn “ 0.
Viewing Nn as a graded set introduce a graded k-module Mn “ Nnk, dMn “ 0, with
the projection pn : Mn Ź Nn P dg
S, ev ÞÑ v for all v P N
‚
np‚q. Let us denote
αn “
`
Mn
pnÝÑ Nn
pr1ÑD#n
˘
P dgS. Choose Dn`1 “ DnxMn, αny, then hn “ Dnx0y :
Dn Ñ Dn`1 is a cofibration. Proposition 2.10 and Remark 2.6 imply that pqn : Dn Ñ
Y, tn “
`
Mn
pnÝÑ Nn
pr2Ñ Y #r´1s
σ
ÝÑ Y #
˘
is an element of hDn,αnpY q. A morphism
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qn`1 : Dn`1 “ DnxMn, αny Ñ Y P C corresponds to the pair pqn, tnq such that qn “`
Dn
hnÝÑ Dn`1
qn`1
Ñ Y
˘
in C, which gives the required diagram.
Let us prove that q#2 : D
#
2 Ñ Y
# is surjective in all degrees. Let y P Y #‚p‚q. Then
p0, ydσ´1q P N0, ep0,ydσ´1q P M0, ep0,ydσ´1qθ0 P D
#
1 . The equation θ0q
#
1 “ t0 “ p0 ¨ pr2 ¨σ :
M0 Ñ Y
# implies that
ep0,ydσ´1qθ0q
#
1 ´ ydY# “ p0, ydσ
´1q pr2 σ ´ yd “ 0.
Furthermore,
ep0,ydσ´1qθ0dD#1
“ ep0,ydσ´1q.pθqd “ ep0,ydσ´1qα0 ı¯0ηg
#
0 “ p0, ydσ
´1q pr1 α0ı¯0ηg
#
0 “ 0.
Thus, pep0,ydσ´1qθ0, yσ
´1q P N1. Therefore the map pr2 ¨σ : N1 Ñ Y
# is surjective in each
degree. Hence, the map t1 “
`
M1
p1
Ź N1
pr2Ñ Y #r´1s
σ
ÝÑ Y #
˘
is surjective as well. Since
t1 “
`
M1
θ1ÝÑ D#2
q
#
2ÝÑ Y #
˘
, it follows that q#2 is surjective in each degree. Consequently
q#n : D
#
n Ñ Y
# is surjective for all n ě 2, and the induced map q# : D# Ñ Y # is
surjective as well, where
q “ colim
nPN
qn : D “ colim
nPN
Dn Ñ Y.
Diagram (2.4) induces also diagram of cones
Cone q#0
Coneph#0 ,1qÑ Cone q#1
Coneph#1 ,1qÑ Cone q#2 Ñ ¨ ¨ ¨ Ñ Cone q
# “ colim
nPN
Cone q#n .
It follows from Proposition 2.10 that the submodule of cycles Z Cone q#n is taken by
Coneph#n , 1q to the submodule of boundaries B Cone q
#
n`1. Thus the colimit of cones
Cone q# is acyclic. Therefore, q# is a quasi-isomorphism. We have decomposed a mor-
phism f P C into a standard cofibration i and a trivial fibration q: f “
`
X
i
ÝÑ D
q
ÝÑ Y
˘
.
(MC4)(ii). Let us prove that a standard trivial cofibration ¯ : X Ñ XxM, 0y is in
KRf . Here Mr1s “ Cone 1Nr´1s and N consists of free k-modules. We have XxM, 0y “
F pMr1sq \X . A square
X
a
Ñ A
XxM, 0y
¯
Ó
b
Ñ
c
Ñ
B
g
ÓÓ
commutes iff b “ lY ag : F pMr1sq\X Ñ B. The adjunction takes l to lt : Mr1s Ñ B# P
dgS. There is a commutative diagram in Set
dgSpMr1s, A#q
„
Ñ dgSpN,A#q0
dgSpMr1s, B#q
dgSp1,g#q
Ó
„
Ñ dgSpN,B#q0
dgSp1,g#q
Ó
(2.5)
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Assume that g P Rf , that is, g
# is surjective in each degree. Since N consists of free
k-modules, the vertical maps are surjections. Thus, there is a chain map r : Mr1s Ñ A#
such that lt “ r ¨ g#. Using adjunction we find that l “
`
F pMr1sq
tr
ÝÑ A
g
ÝÑ B
˘
. Then
c “ tr Y a : F pMr1sq \X Ñ A is the sought diagonal filler.
Denote by J the class of all standard trivial cofibrations. Then the above reasoning
turned backward shows that for g P JK vertical arrows of (2.5) are always surjective which
implies that g P Rf . Hence, J
K “ Rf .
Consider an arbitrary morphism f : X Ñ Y P C. Accordingly to proven (MC5)(ii)
there is a decomposition
X
¯
Ñ Z “ XxM, 0y
Y
f
Ó
“““““““““““ Y
p
ÓÓ
into a standard trivial cofibration ¯ and p P Rf . If f P W X Lc, then p P W X Rf . By
definition of Lc “
KpW X Rf q there is a morphism w such that the following diagrams
commute
X
¯
Ñ Z
Y
f
Ó
“““““““““
w
Ñ
Y
p
Ó
ðñ
X “““““““““X “““““““““X
Y
f
Ó
w
Ñ Z
¯
Ó
p
Ñ Y
f
Ó
(2.6)
and w ¨ p “ 1Y . That is, f is a retract of ¯. Hence, pWX Rfq
K “ JK “ Rf .
2.12 Remark. It is shown in the proof that any trivial cofibration f is a retract of a
standard trivial cofibration ¯ of type (2.6), cf. [Hin97, Remark 2.2.5]. Similarly, any
cofibration f is a retract of a standard cofibration ¯ of type (2.6). The model structure of
C is cofibrantly generated by the classes of elementary cofibrations and of standard trivial
cofibrations.
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